For L ∞ -functions on a (closed) compact Riemannian manifold, the noncommutative residue and the Dixmier trace formulation of the noncommutative integral are shown to equate to a multiple of the Lebesgue integral. The identifications are shown to continue to, and be sharp at, L 2 -functions. For functions strictly in L p , 1 ≤ p < 2, symmetrised noncommutative residue and Dixmier trace formulas must be introduced, for which the identification is shown to continue for the noncommutative residue. However, a failure is shown for the Dixmier trace formulation at L 1 -functions. It is shown the noncommutative residue remains finite and recovers the Lebesgue integral for any integrable function while the Dixmier trace expression can diverge.
Introduction
For a separable complex Hilbert space H, denote by µ n (T ), n ∈ N, the singular values of a compact operator T , ( Traditional noncommutative integration theory is based on normal linear functionals on von Neumann algebras, see [5] and the monographs [2] , [3] , [6] (among many). So it is somewhat surprising, and a disparity, that the formula (1.2) with its obscured normality, and not (1.1), appears as the analogue of integration in noncommutative geometry. That it does is due to numerous results of A. Connes achieved with the Dixmier trace, see [7] , ( [8] , §IV), and [9] (as a sample). In Connes' noncommutative geometry the formula (1.2) has been termed the noncommutative integral, e.g. ( [10] , p. 297), ([11] , p. 478), due to the link to noncommutative residues in differential geometry described by the following theorem of Connes, see ( [7] , Thm 1), ([10] , Thm 7.18 p. 293).
Theorem 1.1 (Connes' Trace Theorem). Let M be a compact n-dimensional manifold, E a complex vector bundle on M, and P a pseudodifferential operator of order −n acting on sections of E. Then the corresponding operator P in H = L 2 (M, E) belongs to L 1,∞ (H) and one has:
Tr ω (P) = 1 n Res(P)
for any ω.
Here Res is the restriction of the Adler-Manin-Wodzicki residue to pseudodifferential operators of order −n, [12] , [7] . Let E be the exterior bundle on a (closed) compact Riemannian manifold M, |vol| the 1-density of M ( [10] , p. 258), f ∈ C ∞ (M), M f the operator given by f acting by multiplication on smooth sections of E, ∆ the Hodge Laplacian on smooth sections of E, and P = M f (1 + ∆) −n/2 , which is a pseudodifferential operator of order −n. Using Theorem 1.1, see ([10] , Cor 7.21), ( [13] , §1.1), or ( [14] , p. 98),
where we set T ∆ := (1 + ∆) −n/2 ∈ L 1,∞ . This has become the standard way to identify φ ω with the Lebesgue integral for f ∈ C ∞ (M), see op. cit.. We note that in equation (1.3) , without loss, we can assume the operators act on the Hilbert space L 2 (M) instead of L 2 (M, E). As mentioned above φ ω ∈ B(L 2 (M)) * . The mapping φ : f → M f is an isometric * -isomorphism of C(M), the continuous functions on M, into B(L 2 (M)). In this way φ ω ∈ C(M) * φ(C(M)) * and, as the left hand side of (1.3) is continuous in · and the right hand side is continuous in · ∞ , the formula (1.3) can be extended to f ∈ C(M).
The mapping φ : f → M f is also an isometric * -isomorphism of L ∞ (M), the essentially bounded functions on M, into B(L 2 (M)). In this way φ ω ∈ L ∞ (M) * φ(L ∞ (M)) * . Extending the formula (1.3) to f ∈ L ∞ (M) has remained an elusive exercise however. Corollary 7.22 of ( [10] , p. 297) made the claim that (1.3) holds for any integrable function. The short proof applied monotone convergence to both sides of (1.3) to extend from C ∞ -functions to L ∞ -functions. Monotone convergence can be applied to the right hand side, since the integral is a normal linear function on L ∞ (M). To apply monotone convergence to the left hand side it must be known φ ω ∈ L ∞ (M) * . The monograph [10] contained no proof that φ ω was normal. Indeed, it is apparent from the next paragraph that the extension of ( 
is a translation operator. Therefore φ ω , when normalised, provides an invariant state on L ∞ (T) that agrees (up to a constant) with the integral on C(T). Even this is not sufficient. There are an infinitude of inequivalent invariant states on L ∞ (T) which agree with the Lebesgue integral on C(T) ([16] , Thm 3.4) (and first Baire class functions 3 ). The inequivalent states are non-normal as the Lebesgue integral provides the only normal invariant state of L ∞ (T) (uniqueness of Haar measure).
In this paper we show that
, is identical to the Lebesgue integral up to a constant. For flat torii the method is elementary and the Lebesgue integral can be recovered directly without recourse to Connes' Trace Theorem. Primarily though, we investigate the claim of ( [10] , Cor 7.22 p. 297) that the operator-theoretic formula φ ω (M f ) can be identified with the Lebesgue integral for any integrable function f on a (closed) compact Riemannian manifold. The claim is false. We show the result is sharp at L 2 (M), indeed in Theorem 2.5 (see also Examples 4.6 and 4.
here n is the dimension of the manifold. This type of sharp result at L 2 (M) for M a compact manifold is well-known, see for example Hausdorff-Young, Cwikel and Birman-Solomjak estimates in ( [1] , §4).
The sharp result leaves opens the question of whether some modified operator-theoretic formula can be identified with the Lebesgue integral for f ∈ L p (M), 1 ≤ p < 2. Calculating the Dixmier trace of (1 + ∆) −n/2 using the residue of a zeta function originated in ( [9] , p. 236). Set T ∆ := (1 + ∆) −n/2 . We find in Theorem 2.6 that the residue at s = 1 of the zeta function
up to a constant. Surprisingly, the Dixmier trace fails to equate to this residue. We obtain the pointed result for flat torii that 
for some v ∈ L 1 (F, µ). Here the von Neumann algebra generated by A 1 , . . . , A n is identified with a space of essentially bounded functions
1,∞ , G a positive bounded Borel function, has Dixmier trace independent of ω. The characterisation (1.4) implies φ ω is a unique (independent of ω) and normal positive linear functional on the von Neumann algebra generated by A 1 , . . . , A n . Section 3 contains examples where φ ω can and cannot be characterised by (1.4) . Section 4 begins the technical results and contains the proof of Theorem 2.12. Results of Section 4 that may be of independent interest include: a generalised Cwikel or Birman-Solomjak type identity in Corollary 4.5; a specialised extension of noncommutative residue formulations of the Dixmier trace in Theorem 4.11, and; normality results in Section 4.3. Section 5 contains the proofs of the results in Section 2.3 and finishes the paper.
Statement of Main Results

Preliminaries on Dixmier Traces
Let ⌈x⌉, x ≥ 0, denote the ceiling function. Define the maps ℓ ∞ → ℓ ∞ for j ∈ N by
for a positive sequence a k ≥ 0, k ∈ N. Such states are considered generalised limits, i.e. extensions of lim on c to ℓ
∈ ℓ ∞ and define . Note the condition that ω ∈ DL 2 is weaker than the condition that ω be dilation invariant, and weaker than Dixmier's original conditions, [4] .
Preliminaries on Residues of Zeta Functions
A. Connes introduced the association between a generalised zeta function,
and the calculation of a Dixmier trace with the result that
if either limit exists, ( [8] , p. 306). Generalisations appeared in [18] and [19] . A short note, [20] , authored by the first and third named authors, translated the results ( [18] , Thm 4.11) and ( [19] , Thm 3.8) to ℓ ∞ , see Theorem 2.1 and Corollary 2.2 below. We summarise the main result of [20] , see [19] , [18] and [17] for additional information. Define the averaging sequence E :
Define the piecewise mapping p :
We recall that T ∈ L 1,∞ is called measurable (in the sense of Connes) if the value Tr ω (T ) is independent of ω ∈ DL 2 . The equivalence between this definition of measurable and Connes' original (weaker) notion in ( [8] , Def 7 p. 308) was shown in [21] . Theorem 2.1. Let P be a projection and
exists iff PT P is measurable and in either case
Proof. See ( [20] , Thm 3.4).
Corollary 2.2. Let A ∈ B(H) and
Moreover, AT is measurable if PT P is measurable for all projections P in the von Neumann algebra generated by A and A * . In this case,
Proof. See ( [20] , Cor 3.5). 
Results for a Compact Riemannian Manifold
As ξ ∈ BL ∩ DL vanishes on sequences converging to 0, it follows that, for any n ∈ N,
Thus, for A = A * and ξ ∈ BL ∩ DL,
Assuming Tr L(ξ) (G(D)) > 0 and taking n → ∞, we obtain the estimate
for any ξ ∈ BL ∩ DL.
Example 2.3. Let T n be the flat n-torus, ∆ be the Hodge Laplacian on T n , and 0
for all m ∈ Z n . Using the Cantor enumeration of Z n , it follows from (2.2) and for
The equality (2.3) and the vanishing of Tr L(ξ) on L 1 is, essentially, the proof of the following result for the flat torus T n .
Corollary 2.4. Let M be a n-dimensional (closed) compact Riemannian manifold with Hodge
where c > 0 is a constant independent of ω ∈ DL 2 .
Complete details of the technicalities of the proof are contained in subsequent sections. As mentioned, the Corollary is known for f ∈ C ∞ (M) from the application of Connes' Trace Theorem, see ([13] , p. 34). To our knowledge a proof for f ∈ L ∞ (M) has not been given before. The main result is the extension to L 2 (M). 7
To our knowledge the if and only if statement in Theorem 2.5 is new, although it is close in spirit to the Hausdorff-Young, Cwikel and Birman-Solomjak estimates in ([1], §4). As mentioned, the equalities were claimed as part of ([10], Cor 7.22). The proof of Theorem 2.5 is in Section 5. It is more difficult to prove than Corollary 2.4 as 
Thus ψ ξ , as the residue of the zeta function Tr(T 
∆ ) is also the Lebesgue integral of any integrable function. Surprisingly, using an example on the flat torus, we show this is false.
Lemma 2.7. Let ∆ be the Hodge Laplacian on the flat 1-torus T and T
This result is proven as Lemma 5.7 in Section 5.1. It says, in particular, there exists f ∈ L 1 (T) such that φ ω (M f ) = ∞ c T f (x)dx. Our last result, proven as Theorem 5.9, shows this failure, at least for flat torii, is pointed at L 1 .
Theorem 2.8. Let ∆ be the Hodge Laplacian on the flat n-torus T n and T
∆ = (1 + ∆) −n/2 ∈ L 1,∞ (L 2 (T n )). If f ∈ L 1+ǫ (T n ), ǫ > 0, then M f T ∆ = T 1/2 ∆ M f T 1/2 ∆ ∈ L 1,∞ (L 2 (T n )). Moreover, φ ω (M f ) := Tr ω ( M f T ∆ ) = c T n f (x)d n x , ∀ f ∈ L 1+ǫ (T n ) for a constant c > 0 independent of ω ∈ DL 2 .
Preliminaries on Joint Spectral Representations
Let M = A 1 , . . . A n denote the von Neumann algebra generated by a finite set of selfadjoint commuting bounded operators A 1 , . . . , A n acting non-degenerately on H, i.e. the weak closure of polynomials in A 1 , . . . , A n . Let E denote the joint spectrum of A 1 , . . . , 
. From the Riesz-Markov Theorem ( [24] , Thm IV.18 p. 111), l η is associated to a finite regular Borel measure µ η and, as η is cyclic 
.3). Without loss we may write
f (A 1 , . . . , A n ), f ∈ L ∞ (E, µ η ), to denote an element of M. This description contains the continuous functional calculus, C(E) ⊂ L ∞ (E, µ η ),
and the bounded Borel functional calculus
where χ J j is the characteristic function of J j ⊂ R. Define the mapping e :
We say e is measure preserving if µ η (e(J)) = 0 ⇒ µ(J) = 0, J a Borel subset of F. 
Proposition 2.9. Let e be measure preserving. Then
is measure preserving. Here n is the dimension of M and p the number of charts in a chosen atlas of M. 
Dixmier Traces and Measures on the Joint Spectrum
Definition 2.11. Let A 1 , . . . A n be commuting bounded selfadjoint operators satisfying Condition 1. We say:
Theorem 2.12. Let H be a separable Hilbert space and D
, and set 
(ii) we have Theorem 2.12 is, essentially, criteria for φ ω ∈ M * , i.e. normality of the functional φ ω . Under these conditions the notion of noncommutative integral, Connes version, and notion of integral, Segal version, intersect. It is therefore of interest to find examples where the criteria are satisfied, and φ ω is normal, and where the criteria fail and φ ω is not normal.
if and only if G(D) is spectrally measurable. Here the limit is taken in the weak
(Banach) topology σ(L 1 (F, µ), L ∞ (F, µ)).
Examples
Example 3.1. Let T n be the flat n-torus.
which is generated by the functions e iθ j , j = 1, . . . , n). Condition 1 is satisfied. Take the orthonormal basis h m (x) = e im·x , where m = (m 1 , . . . , m n ) ∈ Z n and x ∈ T n , of eigenvectors of the Hodge Laplacian ∆ on T n . Then |h m (x)| 2 = 1 is dominated by 1 ∈ L 1 (T n ). The hypotheses of Theorem 2.12 are satisfied. 
Technical Results
We establish notation that will remain in force for the rest of the document. Thus 
. . , A n will denote a finite set of selfadjoint commuting bounded operators acting nondegenerately on H, and M = A 1 , . . . A n will denote the von Neumann algebra generated by A 1 , . . . , A n .
Condition 1 is assumed. Without exception U will denote the unitary U :
. Without exception, (E, µ η ) and (F, µ) will denote the respective measure spaces.
Summability for Unbounded Functions
Let g : R → C be a bounded Borel function. Set
, the partial sums are Cauchy and convergence in the L 1 -sense,
s for s ≥ 1, set µ s to be the measure with Radon-Nikodym derivative F D (|g| s ). If g > 0, µ g ≡ µ 1 . In this section we relate summability of T f g(D) to the measures µ g and µ s , s ≥ 1.
Proof. A simple application of Fatou's Lemma, since we obtain f h
In the following Proposition and throughout the document, the expression T f g(D) is bounded (or compact), where T f is an unbounded closable operator, refers to the densely defined operator T f g(D) having bounded (or compact) closure. 
Proposition 4.2. Let g(D) be Hilbert-Schmidt. Then T f g(D) is Hilbert-Schmidt if and only if
f ∈ L 2 (F, µ 2 ). Proof. (⇐) We first show T f g(D) is bounded. Let L ∞ (F, µ) ∋ f n → f pointwise with | f n | ր | f |. Now T f n g(D)h m 2 = |g(λ m )| 2 T f n h m 2 = |g(λ m )| 2 F | f n (x)| 2 |(Uh m )(x)| 2 dµ(x) = F | f n (x)| 2 |g(λ m )| 2 |(Uh m )(x)| 2 dµ(x) ≤ f n 2 2,µ 2 ≤ f= k N m=1 T f g(D)p m h k 2 = N m=1 g(λ m )T f h m 2 = N m=1 |g(λ m )| 2 F | f (x)| 2 |(Uh m )(x)| 2 dµ(x) = F | f (x)| 2 N m=1 |g(λ m )| 2 |(Uh m )(x)| 2 dµ(x).
This shows
N m=1 T f g(D)p m is a uniformly bounded sequence of bounded operators as
N m=1 T f g(D)p m ([1], Thm 2.7(a)) ≤ N m=1 T f g(D)p m 2 ≤ f 2,µ 2 .
The second inequality employed (*). Let h ∈ Dom(T f g(D)). Then
T f g(D)h = lim N→∞ N m=1 T f g(D)p m h ≤ sup N N m=1 T f g(D)p m h ≤ f 2,µ 2 h .
As T f g(D) is bounded on a dense domain, T f g(D)
has bounded closure.
Finally, now that it is established that (the closure) T f g(D)
is bounded, by (*), the noncommutative Fatou Lemma and (
is a bounded increasing sequence. Hence f 2,µ 2 < ∞.
Corollary 4.3. Let g(D) ∈ L
1 . Then: respect to g(D) ). Hence
In both cases
1 . The trace formula is evident from We now fix G such that G(D) ∈ L 1,∞ and, henceforth, µ s < < µ is the measure with Radon-
where
It was shown in ( [18] , Thm 4.5) that T 0 ≤ e T Z 1 and T Z 1 ≤ T 1,∞ , where we recall
In case (ii), T f G(D) Z
From the Hölder inequality
Now, without loss, we can assume there is 
We also obtain, from the proof of Corollary 4.
Example 4.7. Let M be a compact n-dimensional Riemannian manifold (without boundary) with Hodge Laplacian ∆. Let σ 2 (∆) denote the principal symbol of the elliptic operator ∆. Locally
α (x) is a point in local co-ordinates in a chart (U α , φ α ) trivialising the tangent bundle, T x (M) {x α } × R n , and g(x α ) is the matrix representation of the metric g in the trivialisation. Set |g|(x α ) = det g(x α ). The completely positive pseudodifferential operator T ∆ := (1 + ∆ 2 ) −n/2 is of order −n and, from Connes' Trace Theorem ( [7] ), it
We assume the volume 1-density is normalised. For the flat torus the L 1 -function
is a constant using the eigenvectors of the flat Laplacian. This will not be applicable in general.
In the general case we require bounds on the function k s . Suppose 0 < c s < k s (x) < C s ∀x ∈ M. Then we would have
So the L p norms and the · p,µ s norms would be equivalent. Let us examine the function k s . Let P be a positive pseudo-differential operator of order −ns. Let y be a point in U α , and V y ⊂ U α be a rectangular neighbourhood of y. For convenience we use φ −1 α (V y ) = T n , the adjustment for the size of V(y α ) will not matter in the following argument as M is compact (the cover of M by rectangular neighbourhoods has a finite subcover).
Set l a , a ∈ Z n , to be the function on M that is e ix α ·a in local co-ordinates on φ 
Define the pseudo-differential operator P |g| as |g| −1/4 P|g| −1/4 . Then, by definition of the symbol,
up to some smooth term. Hence, up to a smoothing term,
The operator P |g| is of order −ns, and, by the definition of a symbol of order −ns, there is a constant
−ns/2 . This inequality holds with the addition of any smoothing term, thus, from (4.6),
Suppose P = Q s , s > 1, where Q is a positive pseudo-differential operator of order −n. That Q is order −n immediately implies there is a constant K, independent of s > 1 such that
for a constant C := K sup 1<s≤2 (s − 1) a (1 + a 2 ) −ns/2 independent of s, and
> 0 almost everywhere. However, from (4.6), k s is identified with a smooth function in x. Therefore, as M is compact, k s attains some minimum value c s . Hence
We can now apply the bounds (4.7), (4.8) and (4.9) to the completely positive pseudodifferential operator T ∆ of order −n. From Corollary 4.5 and (4.8), we have
for all f ∈ L 2 (M) and the inequality (4.10) holds.
Residues of Zeta Functions
In this section we extend the residue formulation of the noncommutative integral, see ( [9] , App A), [19] , [18] , to a specific class of unbounded functions. As in (4.2), for 1
For brevity, set C :
Proof. We recall, as µ s is a finite measure on F, the standard embedding
From the lemmas we have the continuous embeddings,
for q ≥ p ≥ 1.
and all ω ∈ DL 2 .
Proof. By hypothesis f n = j b n, j χ F n, j → f where F n, j ⊂ F are Borel and disjoint, χ F n, j is the characteristic function of F n, j , b n, j ∈ C, the sum over j is finite, and f n − f 1,∞,2 → 0 as n → ∞. From Corollary 4.5 and ( [18] , Thm 4.
By Corollary 4.3,
From Lemma 4.9, f n converges to f in · 1,∞,1 . Hence 
, p. 236).
Sufficient Criteria for Normality
where Borel(F) denotes the Borel sets of F and χ J is the characteristic function of J. We list sufficient criteria for ν G,ω to be a measure for all ω ∈ DL 2 .
Proposition 4.13. We have the following sequence of implications, (i) ⇒ (ii) ⇒ (iii) ⇒ (iv):
(ii) for all collections of disjoint Borel sets F j ⊂ F,
, where µ l is the finite Borel measure on F associated to l and J is a Borel set. By countable additivity of
(ii) ⇒ (iii) From the first display in the proof of ( [19] , Prop 3.6 p. 88), it follows that lim sup k k −1 Tr((PG(D)P)
By ( [18] , Thm 4.5)
We recall again from ( [8] , p. 308), [21] , the notion of measurability. We say 0
) is the same value for all ω ∈ DL 2 . The first and third named authors with colleague A. Sedaev showed that measurability was equivalent to Tr ω (G(D)) = lim N→∞ log(1+N) Proof. We are required to show (iv) ⇒ (ii). By spectral measurability there is a single measure,
for a Borel set J ⊂ F. The equation (4.14) is obtained by setting J = ∪ ∞ j=N F j for disjoint Borel sets F j and taking N → ∞.
We now list some failure criteria using the eigenvectors of D. 
is not a measure for any ξ ∈ BL ∩ DL.
Proof. From an identical argument for the estimate (2.2), for any ξ ∈ BL ∩ DL and Borel set J ⊂ F,
By this estimate and the hypothesis, ν G,L(ξ) is not countably additive.
Weak Convergence and Spectral Measurability
We recall from, Remark 4.4, the Radon-Nikodym derivatives
G(D) is measurable and
By the definition of weak convergence,
for all f ∈ L 2 0 (F, µ 1,∞ ). The first equality is from the second part of Theorem 4.11. There is a partial converse. 
. By the proof of Proposition 4.14 there exists a unique measure (independent of ω ∈ DL 2 )
for a Borel set J of F. Let v be the Radon-Nikodym derivative of ν G,ω . Then,
Proof of Theorem 2.12
With the technical results of the previous sections, we are in a position to prove Theorem 2.12 (and Theorem 2.5 in the next section).
(i) By the hypothesis that D is (A 1 , . . . , A n , U)-dominated, it follows from Proposition 4.13 that ν G,ω < < µ is a finite Borel measure. Let v G,ω be the Radon-Nikodym derivative of
It follows from the identification of φ ω with the measure ν G,ω < < µ that φ ω ∈ M * . 
Proofs for Compact Riemannian Manifolds
Let T n be the flat n-torus and ∆ be the Hodge Laplacian on T n . In this situation h m (x) = e im·x ∈ L 2 (T n ), where m = (m 1 , . . . , m n ) ∈ Z n and x ∈ T n , form a complete orthonormal system 23
. Stronger results than Theorem 2.5 are possible for the torus.
and
Proof. The corollary follows if Corollary 4.3 is applied to Example 4.6.
Proof. The if and only if result is immediate from Example 4.6 and Corollary 4.5. The equality was shown in Example 4.12 where T ∆ is replaced, without loss, by G(∆).
Proof of Theorem 2.5
The
is contained in Example 4.7. Also from Example 4.7 is the inequality (4.10), 
Extending to L
2 is the extent of the identification between φ ω (M f ) and the Lebesgue integral of f . We investigate extensions of the formula φ ω using the symmetrised expression G(∆) and f 1,
. The first equivalence is from the workings of the last lemma. The second equivalence follows from Proposition 4.2. Note, when applying the Proposition, that µ 2 associated to √ g is equivalent to It is now easy to extend Corollary 5.1 and Corollary 5.2 in the case of the flat n-torus T n and Hodge Laplacian ∆.
Tr( M f g(∆)
) := Tr(g(∆)) 
for any ξ ∈ BL,
for a constant c ≥ 0 independent of ξ ∈ BL.
Proof. From Corollary 5. ∆ is not Hilbert-Schmidt.
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